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1. Introduction

Fuzzy set was introduced by L.A.Zadeh [15] in 1965. The concept of fuzzy topology was introduced by
C.L.Chang [3] in 1968. The generalized closed sets in general topology were first introduced by N.Levine [11]
in 1970. K.Atanassov [2] in 1986 introduced the concept of intuitionistic fuzzy sets. The notion of vague set
theory was introduced by W.L.Gau and D.J.Buehrer [8] in 1993. D.Coker [6] in 1997 introduced intuitionistic
fuzzy topological spaces. On Connectedness in intuitionistic fuzzy special topological spaces was introduced
by Ozcag and Coker [12] in 1998. Bipolar- valued fuzzy sets, which was introduced by K.M.Lee [10] in 2000
is an extension of fuzzy sets whose membership degree range is enlarged from the interval [0, 1] to [-1,1].
A new class of generalized bipolar vague sets was introduced by S.Cicily Flora and I.Arockiarani [4] in 2016.
We have introduced bipolar vague a generalized closed sets [13] in 2024. In this paper, we have introduced
bipolar vague a generalized connected space, bipolar vague a generalized super connected space and bipolar

vague a generalized extremally disconnected space and discussed some of their properties.
2. Preliminaries

Here in this paper the bipolar vague topological spaces are denoted by (X, BV;). Also, the bipolar vague interior,
bipolar vague closure of a bipolar vague set A are denoted by BVInt(A) and BVCI(A). The complement of a
bipolar vague set A is denoted by A® and the empty set and whole sets are denoted by 0. and 1. respectively.
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Definition 2.1: [10] Let X be the universe. Then a bipolar valued fuzzy sets, A on X is defined by positive
membership function p}, that is p}: X— [0,1], and a negative membership function p, thatis uy: X— [-1,0].

For the sake of simplicity, we shall use the symbol A={(x, uk (), us (x)):x € X3

Definition 2.2: [10] Let A and B be two bipolar valued fuzzy sets then their union, intersection and complement

are defined as follows:

(i) wayp=max {pj(x), ugx)}
(i1) pgyp=min {py (x), ppx)}
(ii)pang=min {uz(x), ugx)}
(iv)panp= max {py (x), upx)}
(V) wre(x) = 1-u} (x) and pye(x) = -1-py (x) for all x € X.

Definition 2.3: [8] A vague set A in the universe of discourse U is a pair of (t4, f;) where ta:
U-[0,1], f4: U>[0,1] are the mapping such that t, + f4, < | for all u € U. The function t, and f, are called
true membership function and false membership function respectively. The interval [t,4, 1 — f4] is called the

vague value of u in A, and denoted by v4(u), that is va(w)=[t,(w),1 - fw)].

Definition 2.4: [8] Let A be a non-empty set and the vague set A and B in the form A
= {<x! tA(x)! 1- fA(x)>: x €X }7 B= {(x’ tB (X), 1- fB (X)>: x €X } Then

(i) AcBifandonlyif t4(x) < tg(x)and1—f,(x) < 1— fz(x)

(i) AUB = {( max( t,(x), tz(x)), max( 1_fA(;)'1_fB(x))> € X }

(it))A 1 B = {(min( t,(x), t5 (x)), D TaO1T80) ¢ ¢}
(V)A = {{x, f4(x), 1 —t4(x)):x €X}.

Definition 2.5: [1] Let X be the universe of discourse. A bipolar-valued vague set A in X is an object having the
form A = {(x, [tf (x),1 — f;F (O], [-1 — fi (x),t;(x)]) : x € X} where [tF,1—fi] : X-[0,1] and
[—1 — fi,t;] : X—>[-1,0] are the mapping such that ti () + fif(x) <land-1< t;+ f; . The
positive membership degree [t (x), 1 — f4F (x)] denotes the satisfaction region of an element x to the property
corresponding to a bipolar-valued set A and the negative membership degree [—1 — f; (x), t; (x)] denotes the
satisfaction region of x to some implicit counter property of A. For a sake of simplicity, we shall use the notion

of bipolar vague set vi = [tf,1— fi ]and vy =[-1 — f,t7].

Definition 2.6: [5] A bipolar vague set A = [v], v, ] of a set U with v = 0 implies that t; =0, 1-—fif=
0 and v;= 0 implies that t; =0, —1 — f,~ =0 for all x € U is called zero bipolar vague set and it is denoted by
0.
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Definition 2.7: [5] A bipolar vague set A = [v4,v, ] of a set U with v{= 1 implies that t =1, 1-
fa=1 and v;= -1 implies that t; = -1, —1 — f; = -1 for all x € U is called unit bipolar vague set and it is

denoted by 1.

Definition 2.8: [4] LetA=(x,[t;,1— fi],[-1— fa,t; ) and x, [tF, 1 — f5'],[-1 — f5, tz]) be two bipolar

vague sets then their union, intersection and complement are defined as follows:

() AUB={(x [ths(), 1 = filp ()], TR0 € X | where
taup(x) = max {t; (x),t5(x)}, tzyp(x) =min {t; (x),tz (x)} and
1 - faup(x) =max {1— fi"(x),1 - f5"(0)},
—1 = faup(x) =min {—1 — f7(x),—1 — f5 (x)}.
(i)) AN B = {(x, [t405 (1), 1 = Firs (0], i lans @ s ¢ } where

ting(x) =min {t7 (x),t5 (%)}, tinp(x) = max {t; (x), t5 (x)} and
1 — fanp(x) =min {1 — £, (x),1 - f5 ()},
—1 = faup(x) =max {—1— f (x), -1 — fz (x)}.
(DA = {(x [fa (), 1 =t (O] [-1 = t7 (%), fr 0]/ x € X}

Definition 2.9: [4] Let A and B be two bipolar vague sets defined over a universe of discourse X. We say that
ACBifandonlyiftf (x) <ti(x),1—fi(x) <1—f5(x)andt;(x) >tz (x), “1-ffx)=1-
fg (x) forallx €X.

Definition 2.10: [4] A bipolar vague topology (BVT) on a non-empty set X is a family BV, of bipolar vague set

in X satisfying the following axioms:
(1) 0.,1. € BI;
(i1) G; N G, € BV, for any G, G, € B}
(111)V G; € BV, for any arbitrary family {G;: G; € BV, € I}.
In this case the pair (X, BV;) is called a bipolar vague topological space and any bipolar vague set (BVS) in BV,

is known as bipolar vague open set in X. The complement A° of a bipolar vague open set (BVOS) A in a bipolar

vague topological space (X, BV;) is called a bipolar vague closed set (BVCS) in X.

Definition 2.11: [4] Let (X, BV;) be a bipolar vague topological space A
=, [tf, 1= f],[—1 — f1,t1]) be a bipolar vague set in X. Then the bipolar vague interior and bipolar vague

closure of A are defined by,
BVInt(A) = U {G: G is a bipolar vague open set in X and G € A},

BVCI(A) = n {K: K is a bipolar vague closed set in X and AS K}.
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Note that BVCI(A) is a bipolar vague closed set and BVInt(A) is a bipolar vague open set in X. Further,

(1) Ais a bipolar vague closed set in X if and only if BVCI(A) = A,
(i1) A is a bipolar vague open set in X if and only if BVInt(A) = A.

Definition 2.12: [4] Let (X, Bl;) be a bipolar vague topological space. A bipolar vague set A in (X, B)}) is
said to be a generalized bipolar vague closed set if BVCI(A) € G whenever AS G and G is bipolar vague open.

The complement of a generalized bipolar vague closed set is generalized bipolar vague open set.

Definition 2.13: [4] Let (X, BV}) be a bipolar vague topological space and A be a bipolar vague set in X. Then

the generalized bipolar vague closure and generalized bipolar vague interior of A are defined by,
GBVCI(A) = n {G: G is a generalized bipolar vague closed set in X and AS G},

GBInt(A) = U {G: G is a generalized bipolar vague open set in X and A 2 G}.

Definition 2.14: [13] A bipolar vague set A of a bipolar vague topological space X, is said to be

(1) abipolar vague a-open set if A € BVInt(BVCI(BVInt(A)))
(i) a bipolar vague pre-open set if A € BVInt(BVCI(A))

(iii)a bipolar vague semi-open set if A € BVCI(BVInt(A))
(iv)a bipolar vague semi-a-open set if A € BVCl(aBVInt(A))
(v) a bipolar vague regular-open set BVInt(BVCI(A)) = A
(vi)a bipolar vague -open set A € BVCI(BVInt(BVCI(A))).

Definition 2.15: [13] A bipolar vague set A of a bipolar vague topological space X, is said to be

(i) abipolar vague a-closed set if BVCI(BVInt(BVCI(A))) € A
(i1) a bipolar vague pre-closed set if BVCI(BVInt(A)) € A

(ii1)a bipolar vague semi-closed set if BVInt(BVCI(A)) € A
(iv)a bipolar vague semi-a-closed set if BVInt(aBVCI(A)) € A
(v) a bipolar vague regular-closed set if BVCI(BVInt(A)) = A
(vi)a bipolar vague f-closed set if BVInt(BVCI(BVInt(A))) € A.

Definition 2.16: [13] Let A be a bipolar vague set of a bipolar vague topological space (X, BV;). Then the

bipolar vague « interior and bipolar vague a closure are defined as
BV, Int(A) = U {G: G is a bipolar vague a-open set in X and G S A},

BV,CI(A) = n {K: K is a bipolar vague a-closed set in X and AS K}.
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Definition 2.17: [13] A bipolar vague set A in a bipolar vague topological space X, is said to be a bipolar vague
a generalized closed set if BV,CI(A) € U whenever AC U and U is a bipolar vague open set in X. The

complement A° of a bipolar vague a generalized closed set A is a bipolar vague a generalized open set in X.

Definition 2.18: [4] Let (X, BV;) and (Y, BV,) be two bipolar vague topological spaces and Q:
X—Y be a function. Then ¢ is said to be bipolar vague continuous if and only if the preimage of each bipolar

vague open set in Y is a bipolar vague open set in X.

Definition 2.19: [4] A map f : (X, BV;) = (Y, BV}) is said to be generalized bipolar vague continuous if the

inverse image of every bipolar vague open set in (Y, BV) is a generalized vague open set in (X, BV}).

Definition 2.20: [4] Let f be a mapping from a bipolar vague topological space (X, BV;) into a bipolar vague
topological space (Y, BV;). Then f is said to be a bipolar vague generalized irresolute mapping if the inverse
image of every bipolar vague generalized closed set in (Y, BV};) is a bipolar vague generalized closed set in (X,

BI.).

Definition 2.21: [14] Let (X, BV;) and (Y, BV;) be two bipolar vague topological spaces. Then the mapping f
1 (X, BI,) = (Y, BV;) is called

(1) a bipolar vague a continuous if the inverse image of every bipolar vague closed set in (Y,
BV,) is a bipolar vague a-closed set in (X, B1}).

(i1) a bipolar vague pre continuous if the inverse image of every bipolar vague closed set in
(Y, BV;) is a bipolar vague pre-closed set in (X, BV}).

(i11))  abipolar vague semi continuous if the inverse image of every bipolar vague closed set in

(Y, BV;) is a bipolar vague semi-closed set in (X, BV}).

Definition 2.22: [14] Let (X, BV;) and (Y, BV;;) be two bipolar vague topological spaces. Amapping [ : (X,
BV;,) - (Y, BV,) is called a bipolar vague a generalized continuous mapping if f ~1(B) is a bipolar vague «

generalized closed set in (X, BV;) for every bipolar vague closed set B of (Y, BV,).

Definition 2.23: [14] A mapping f : (X, BI;) — (Y, BV}) is called a bipolar vague a generalized irresolute
mapping if f “1(A) is a bipolar vague a generalized closed set in (X, BV,) for every bipolar vague a generalized

closed set A of (Y, BV;).

Definition 2.24: [14] A bipolar vague topological space (X, BV;) is said to be bipolar vague aa

Ty /2(BVaq Ty /2) space if every bipolar vague a generalized closed set in X is a bipolar vague closed set in X.

Definition 2.25: [14] A bipolar vague topological space (X, BV;) is said to be bipolar vague ab
Ty /2,(BVap Ty ) space if every bipolar vague a generalized closed set in X is a bipolar vague generalized closed

set in X.
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3. Bipolar Vague a Generalized Connectedness in Topological Spaces

In this section we have introduced bipolar vague a generalized connected space, bipolar vague a generalized
super connected space and bipolar vague a generalized extremally disconnected space and we have investigated
some of their properties.

Definition 3.1: A bipolar vague topological space (X, BV;) is said to be a bipolar vague C5-connected
space if the only bipolar vague sets which are both a bipolar vague open and a bipolar vague closed set are 0.
and 1..

Definition 3.2: A bipolar vague topological space (X, BV;) is said to be a bipolar vague GO-
connected space if the only bipolar vague sets which are both a bipolar vague generalized open set and a bipolar
vague generalized closed set are 0. and 1..

Definition 3.3: A bipolar vague topological space (X, BV;) is said to be a bipolar vague a generalized connected
space if the only bipolar vague sets which are both bipolar vague o generalized open set and bipolar vague a
generalized closed set are 0. and 1...

Proposition 3.4: Every bipolar vague a generalized connected space is a bipolar vague Cs5-
connected space but not conversely in general.

Proof: Let (X, Bl;) be a bipolar vague a generalized connected space. Suppose (X, BV;) is not a bipolar vague
C5-connected space, then there exists a proper bipolar vague set A which is both bipolar vague open and bipolar
vague closed in (X, BV;). That is A is both a bipolar vague a generalized open set and a bipolar vague o
generalized closed set in (X, BV;). This implies that (X, BV;) is not a bipolar vague o generalized connected
space. This is a contradiction. Therefore (X, BV;) is a bipolar vague C5-connected space.

Example 3.5: Let X = {a, b} and 7= {0, A, B, 1.} where A = (x, [0.5, 0.6] [-0.6, -0.6], [0.6, 0.9] [-0.6, -0.5])
and B = (x, [0.4, 0.5] [-0.5, -0.5], [0.4, 0.6] [-0.5, -0.4]). Then t is a bipolar vague topology. Let M = (x, [0.5,
0.6] [-0.5, -0.4], [0.4, 0.5] [-0.4, -0.3]) be any bipolar vague set in X. Here (X, Bl;) is a bipolar vague C5-
connected space but not a bipolar vague a generalized connected space, since the bipolar vague set M = (x, [0.5,
0.6] [-0.5, -0.4], [0.4, 0.5] [-0.4, -0.3]) is both a bipolar vague o generalized open and a bipolar vague o
generalized closed set in (X, BV;) as M € A where A is a bipolar vague open set in X. Now BV, CI(M) =M U
B*=B°CA.

Proposition 3.6: Every bipolar vague a generalized connected space is a bipolar vague GO-
connected space but not conversely in general.

Proof: Let (X, BV}) be a bipolar vague o generalized connected space. Suppose (X, BV}) is not a bipolar vague
GO-connected space, then there exists a proper bipolar vague set A which is both a bipolar vague generalized
open set and a bipolar vague generalized closed set in (X, BV;). That is A is both a bipolar vague o generalized

open set and a bipolar vague a generalized closed set in (X, BV;). This implies that (X, BV;) is not a bipolar
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vague a generalized connected space. This is a contradiction to our hypothesis. Therefore (X, BV}) is a bipolar
vague GO-connected space.

Example 3.7: Let X = {a, b} and 7= {0, A, B, 1.} where A = (x, [0.5, 0.6] [-0.6, -0.6], [0.6, 0.9] [-0.6, -0.5])
and B = (x, [0.4, 0.5] [-0.5, -0.5], [0.4, 0.6] [-0.5, -0.4]). Then t is a bipolar vague topology. Let M = (x, [0.5,
0.6] [-0.5, -0.4], [0.4, 0.5] [-0.4, -0.3]) be any bipolar vague set in X. Here (X, BV}) is a bipolar vague GO-
connected space but not a bipolar vague a generalized connected space, since the bipolar vague set M = (x, [0.5,
0.6] [-0.5, -0.4], [0.4, 0.5] [-0.4, -0.3]) is both a bipolar vague a generalized open and a bipolar vague a
generalized closed set in (X, BV,) as M € A where A is a bipolar vague open set in X. Now BV, CI(M) =M U
B*=B°CA.

The relation between various types of bipolar vague connectedness is given in the following diagram:

Bipolar Vague C5-connected space

|

Bipolar Vague a Generalized
Connected Space

l

Bipolar vague GO-connected space

Proposition 3.8: A bipolar vague topological space (X, BV;) is a bipolar vague a generalized connected space
if and only if there exists no non-zero bipolar vague a generalized open sets A and B in (X, BV;) such that A =

BC.

Proof:

Necessity: Let A and B be two bipolar vague o generalized open sets in (X, BV;) such that A= 0_, B 0. and
A = B°. Therefore, B is a bipolar vague a generalized closed set. Since B#0.,A=B#1_. This
implies A is a proper bipolar vague set which is both bipolar vague a generalized open set and a bipolar vague
a generalized closed set in (X, BV;). Hence (X, BV ) is not a bipolar vague a generalized connected space. But
this is a contradiction to our hypothesis. Thus, there exist no non-zero bipolar vague a generalized open sets A
and B in (X, BV;) such that A = B°.

Sufficiency: Let A be both a bipolar vague a generalized open set and bipolar vague a generalized closed set
in (X, BI;) such that 1_ # A # 0.. Now let B = A" Then B is a bipolar vague a generalized open set and B #
1.. This implies B¢ = A # 0., which is a contradiction to our hypothesis. Therefore (X, BV;) is a bipolar vague

a generalized connected space.
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Proposition 3.9: If f : (X, BV;) — (Y, BV,) is a bipolar vague a generalized continuous mapping and (X, BV})
is a bipolar vague a generalized connected space, then (Y, BV, is a bipolar vague C5-connected space.
Proof: Let (X, BV,) be a bipolar vague a generalized connected space. Suppose (Y, BV) is not a bipolar vague
C5-connected space, then there exists a proper bipolar vague set A which is both bipolar vague open set and
bipolar vague closed set in (Y, BV,). Since f is a bipolar vague o generalized continuous mapping, f ~1(A) is
both a bipolar vague a generalized open set and a bipolar vague a generalized closed set in (X, BV). But this is
a contradiction to hypothesis. Hence (Y, BV ) is a bipolar vague C5-connected space.

Proposition 3.10: If f : (X, BI;) — (Y, BV};) is a bipolar vague o generalized irresolute surjection mapping and
(X, BV;) is a bipolar vague a generalized connected space, then (Y, BV;) is also a bipolar vague o generalized
connected space.

Proof: Suppose (Y, BV;) is not a bipolar vague o generalized connected space, then there exists a proper bipolar
vague set B which is both bipolar vague a generalized open set and bipolar vague a generalized closed set in
(Y, BV,). Since f is a bipolar vague o generalized irresolute mapping, f~1(B) is both a bipolar vague o
generalized open set and bipolar vague a generalized closed set in (X, BV). But this is a contradiction to

hypothesis. Hence (Y, BV;) is a bipolar vague a generalized connected space.

Proposition 3.11: A bipolar vague topological space (X, BV;) is a bipolar vague a generalized connected space
if and only if there exists no non-zero bipolar vague o generalized open sets A and B in (X, BV;) such that B =
A°, B =(BV,CI(A))® and A = (BV,CI(B))° .

Proof:

Necessity: Assume that there exist bipolar vague sets A and B such that A # 0. # B, B=A°B=
(BV,CI(A))® and A = (BV,CI(B))° . Since (BV,CI(A))° and (BV,CI(B))° are bipolar vague a generalized open
sets in (X, BV;), A and B are bipolar vague a generalized open sets in (X, BV;). This implies (X, BV;) is not a
bipolar vague a generalized connected space, which is a contradiction. Therefore, there exists no non-zero

bipolar vague a generalized open sets A and B in (X, BV}) such that B=A°, B =(BV,CI(A))° and A= (BV,CI(B))*

Sufficiency: Let A be both a bipolar vague a generalized open set and bipolar vague a generalized closed set
in (X, BV;) such that 1. # A# 0.. Now by taking B = A°, we obtain a contradiction to our hypothesis. Hence
(X, BI%) is a bipolar vague a generalized connected space.

Proposition 3.12: Let (X, BV;) be a BV, T/, space, then the following are equivalent.
(1) (X, BV;) is a bipolar vague a generalized connected space.
(i) (X, BI%) is a bipolar vague GO-connected space.
(i) (X, BI) is a bipolar vague C5-connected space.

Proof: (i) =(ii) is obvious from Proposition 3.6.

(ii) = (iii) is obvious.
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(i) = (1) Let (X, BV;) be a bipolar vague C5-connected space. Suppose (X, BV;) is not a bipolar vague o
generalized connected space, then there exists a proper bipolar vague set A in (X, BV;) which is both a
bipolar vague a generalized open set and a bipolar vague o generalized closed set in (X, BV;). But since (X,
BV;) is a BV, Ty, space, A is both bipolar vague open set and bipolar vague closed set in (X, BV;). This implies
that (X, BV;) is not a bipolar vague C5-connected space, which is a contradiction to our hypothesis.
Therefore (X, BV,) is a bipolar vague a generalized connected space.

Definition 3.13: Two bipolar vague sets A and B are said to be g-coincident (AgB in short) if and only if there
exits an element x € X such that v (x) > vg (x) or v; (x) < vz (x).

Definition 3.14: A bipolar vague topological space (X, BV;) is a bipolar vague C5-connected between two
bipolar vague sets A and B if there is no bipolar vague open set E in (X, BV;) such that A ¢ E and Eq°B.
Definition 3.15: A bipolar vague topological space (X, BV;) is called bipolar vague o generalized connected
between two bipolar vague sets A and B if there is no bipolar vague a generalized open set E in (X, BV}) such
that A € E and Eq°B.

Example 3.16: Let X = {a, b} and let t = {0., A, 1.} be a bipolar vague topology on X, where A = (x, [0.5,
0.5] [-0.5, -0.5], [0.4, 0.4] [-0.4, -0.4]).Then bipolar vague topological space (X, BV;) is a bipolar vague a
generalized connected between the two bipolar vague sets M = (x, [0.3, 0.3] [-0.3, -0.3], [0.2, 0.2] [-0.2, -0.2])
and N = (x,[0.2, 0.2] [-0.2, -0.2], [0.2, 0.2] [-0.2, -0.2]) as there exists no bipolar vague a generalized open set
E such that M c E and Eq°N.

Proposition 3.17: If a bipolar vague topological space (X, BV;) is a bipolar vague a generalized connected
between the two bipolar vague sets A and B, then it is a bipolar vague C5-connected between two bipolar vague
sets A and B but the converse my not be true in general.

Proof: Suppose (X, BV;) is not a bipolar vague C5-connected between A and B, then there exists a bipolar vague
open set E in (X, BV;) such that A € E and Eq°B. Since every bipolar vague open set is a bipolar vague o
generalized open set, there exists a bipolar vague o generalized open set E in (X, BV;) such that A € E and
Eq°B. This implies (X, BV;) is not a bipolar vague a generalized connected between A and B, a contradiction
to our hypothesis. Therefore (X, B}) is a bipolar vague C5-connected between A and B.

Example 3.18: Let X = {a, b} and let T = {0., A, 1.} be a bipolar vague topology on X, where A = (x, [0.5,
0.4] [-0.4, -0.5], [0.5, 0.6] [-0.6, -0.5]).Then bipolar vague topological space (X, BV;) is a bipolar vague C5-
connected between the two bipolar vague sets M = (x, [0.3, 0.2] [-0.2, -0.3], [0.7, 0.6] [-0.6, -0.7]) and N = (x,
[0.6,0.6] [-0.2,-0.2],[0.2,0.2] [-0.2, -0.2]). But (X, BV;) is not a bipolar vague o generalized connected between
M and N, since the bipolar vague set E =(x,[0.3,0.3][-0.3,-0.3],[0.7,0.7] [-0.7, -0.7]) is a
bipolar vague a generalized open set in X such that M € E and E © N°.
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Proposition 3.19: A bipolar vague topological space (X, BV;) is a bipolar vague a generalized connected
between two bipolar vague sets A and B if and only if there is no bipolar vague a generalized open set and
bipolar vague a generalized closed set E in (X, BV;) such that A CE c B

Proof:

Necessity: Let (X, BV;) be a bipolar vague a generalized connected between two bipolar vague sets A and B.
Suppose that there exists a bipolar vague a generalized open set and a bipolar vague o generalized closed set E
in (X, BI;) such that A € E € B°, then Eq°B and A € E. This implies (X, BV;) is not a bipolar vague o
generalized connected between A and B, by Definition 3.15. It is a contradiction to our hypothesis.
Therefore, there is no bipolar vague o generalized open set and bipolar vague o generalized closed set E in (X,
BV;) such that A CEc B
Sufficiency: Suppose that (X, BI}) is not a bipolar vague a generalized connected between A and B. Then there
exists a bipolar vague a generalized open set E in (X, BV;) such that A € E and Eq°B. This implies that there is
no bipolar vague a generalized open set E in (X, BV;) such that A € E € B°. But this is a contradiction to our
hypothesis. Hence (X, BV;) is a bipolar vague o generalized connected between A and B.

Proposition 3.20: If a bipolar vague topological space (X, BV;) is a bipolar vague a generalized connected
between two bipolar vague sets A and B, A € Aj and B € By, then (X, BV;) is a bipolar vague o generalized
connected between A; and B;.

Proof: Suppose that (X, BV;) is not a bipolar vague a generalized connected between A; and B , then by
Definition 3.15, there exists a bipolar vague a generalized open set E in (X, BV;) such that A; € E and Eq°Bi.
This implies E € B1°and A; € E implies A € A; € E. Hence A € E. Since Ec B/, B € E°BCcB; cCE"
Hence E € B°. Therefore (X, Bl%) is not a bipolar vague a generalized connected between A and B, which is a
contradiction to our hypothesis. Thus (X, BV;) is a bipolar vague o generalized connected between A and Bi.
Proposition 3.21: Let (X, BV;) be a bipolar vague topological space and A and B be a bipolar vague sets in (X,
BV,). If AgB, then (X, BV;) is a bipolar vague a generalized connected between A and B.

Proof: Suppose (X, BV;) is not a bipolar vague a generalized connected between A and B. Then there exists a
bipolar vague a generalized open set E in (X, BV}) such that A € E and E € B°. This implies that A € B°. That
is Aq°B. But this is a contradiction to our hypothesis. Therefore (X, BV;) is a bipolar vague a generalized
connected between A and B.

Definition 3.22: A bipolar vague set A is called a bipolar vague regular a generalized open set if A =
BV, Int(BV,CI(A)). The complement of a bipolar vague regular o generalized open set is called a bipolar vague
regular a generalized closed set.

Definition 3.23: A bipolar vague topological space (X, BV;) is called a bipolar vague a generalized super
connected space if there exists no proper bipolar vague regular a generalized open set in (X, BI;).

Proposition 3.24: Let (X, BI}) be a bipolar vague topological space, then the following are equivalent:

(1) (X, BI%) is a bipolar vague a generalized super connected space
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(i1) For every non-zero bipolar vague regular a generalized open set A, BV,CI(A)=1.

(ii1) For every bipolar vague regular a generalized closed set A with A #1_, BV, Int(A)=0.

(iv) There exists no bipolar vague regular a generalized open sets A and B in (X, BV) such that A# 0. # B, A
C B¢

(v) There exists no bipolar vague regular o generalized open sets A and B in (X, BV;) such that A# 0. # B, B
= (BV,CI(A))", A= (BV,CI(B))*

(vi) There exists no bipolar vague regular o generalized closed sets A and B in (X, BV;) such that A # 1_ # B,
B = (BV,Int(A))¢, A = (BV,Int(B))*

Proof:

(1)=(ii) Assume that there exists a bipolar vague regular a generalized open set A in (X, B;) such
that A # 0. and BV,CI(A) # 1.. Now let B = BV, Int(BV,,CI(A)). Then B is a proper bipolar vague regular o
generalized open sets in (X, BV;). But this is a contradiction to the fact that (X, BV;) is a bipolar vague regular
a generalized super connected space. Therefore BV, Cl(A) =1..

(i1) = (iii) Let A # 1. be a bipolar vague regular a generalized closed set in (X, BV;). If B =A° then B is a
bipolar vague regular a generalized open set in (X, BV;) with B # 0. . Hence BV, CI(B) # 1., by hypothesis.
This implies (BV,CI(B))°= 0... That is BV, Int(B®) =0... Hence BV, Int(A)=0...

(ii1) = (iv) Suppose A and B be two bipolar vague regular a generalized open sets in (X, BI;) such
that A# 0. # B, A & B Since B is a bipolar vague regular o generalized closed set in (X, BV;) and B # 0.
implies B®#1._, B¢ = BV, CI(BV,Int (B)) and we have BV, Int (B) = 0.. But A © B°. Therefore 0. # A =
BV, Int(BV,CIl(A)) € BV, Int(BV,CI(B)) = BV, Int(BV,,C1(BV,CI(BV,Int (B°)))) = BV, Int(BV,,Cl (BV,Int B%))) =
BV, Int (B®) = 0. which is a contradiction. Therefore (iv) is true.

(iv)=(1) Suppose 0. # A # 1. be a bipolar vague regular o generalized open set in (X, BWp). If we
take B = (BV,CI (A)), then B is a bipolar vague regular a generalized open set, since BV, Int (BV,CI (B)) =
BV, Int (BV,Cl1 (BV,CI (A))°) = BV, Int (BV,Int (BV,Cl (A)))° = BV, Int (A°) = (BV,CI (A))° = B. Also, we get B
# 0., since otherwise, if B = 0., this implies (BV,Cl (A))° = 0... That is BV,CI (A) = 1.. Hence A = BV,Int
(BV,Cl (A)) = BV, Int (1.) = 1. , which is a contradiction. Therefore B # 0. and A S B°. But this is a
contradiction to (iv). Therefore (X, BV;) is a bipolar vague a generalized super connected space.
(1) = (v) Suppose A and B are any two bipolar vague regular a generalized open sets in (X, BV;) such that A
#0. #B, B=(BV,CI (A))° and A = (BV,Cl (B)). Now we have BV, Int(BV,CI (A)) = BV, Int(B°) = (BV,Cl1 (B))*
=A,A#0_.andA# 1_,sinceifA# 1_,then 1_.=(BV,Cl(B))°= Bl,C1(B)=0.=B=0..ButB#0..
Therefore A # 1. = A is a proper bipolar vague regular o generalized open set in (X, BV;), which is a
contradiction to (i). Hence (V) is true.

(v) = (i) Suppose A is a bipolar vague regular a generalized open set in (X, BV;) such that 0. #A#
1. . Now take B = (BV,CI (A))°. In this case we get B # 0. and B is a bipolar vague regular a generalized open
set in (X, BY;), B = (BV,CI(A))® and (BV,Cl (B))* = (BV,CI(BV,Cl (A)))° = BV,Int(BV,Cl (A))° =
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BV, Int(BV,Cl (A)) = A. But this is a contradiction to (v). Therefore (X, BV;) is a bipolar vague o generalized

super connected space.

(v) = (vi) Suppose A and B be two bipolar vague regular a generalized closed sets in (X, BV;) such that
A#1.#B,B=(BV,Int(A))° and A = (BV,Int (B))". Taking C = A® and D = B¢, C and D become bipolar vague
regular a generalized open sets in (X, BV,) with C# 0. # D, D = (BV,Cl (C))* = (BV,CI(D))°, which is

a contradiction to (v). Hence (vi) is true.
(vi) = (v) It can be proved easily by the similar way as in (v) = (vi).
Definition 3.27: A bipolar vague topological space (X, BV;) is said to be a bipolar vague a generalized
extremally disconnected space if the bipolar vague a generalized closure of every bipolar vague o generalized
open set in (X, BV}) is a bipolar vague o generalized open set.
Theorem 3.28: Let (X, BV;) be a bipolar vague topological space, then the following are equivalent:
(1) (X, BI%) is a bipolar vague a generalized extremally disconnected space.
(i1) For each bipolar vague a generalized closed set A, BV, Int(A) is a bipolar vague a generalized closed set.
(ii1) For each bipolar vague a generalized open set A, BV, CI(A) = (BV,CI(BV,CI(A))%)*
(iv) For each bipolar vague a generalized open sets A and B with BV,,Cl(A) = B°, BV,CI(A) = (BV,CI(B))".
Proof: (i) = (ii) Let A be any bipolar vague a generalized closed set. Then A is a bipolar vague a generalized
open set. So (1) implies that BV, CI(A°) = (BV,Int(A))° is a bipolar vague a generalized open set. Then BV, Int(A)
is a bipolar vague a generalized closed set in (X, BV}).
(11) = (ii1) Let A be bipolar vague a generalized open set. Then we have BV, C1(BV,CI(A))¢ = BV, CI(BV,Int(A®)).
Therefore (BV, CI(BV,,CI(A))*)* = (BV,CI(BV,Int(A°)))". Since A is a bipolar vague a generalized open set. Then
A° is a bipolar vague o generalized closed set. So by (i1) BV, Int(A°) is a bipolar vague a generalized closed set.
That is BV, CI(BV,Int(A°)) = BV, Int(A®). Hence (BV,CI(BV,Int(A°)))° = (BV,Int(A°))° = BV,CI(A).
(ii1) = (iv) Let A and B be any two bipolar vague a generalized open sets in (X, BV;) such that BV, CI(A) = B.
(iii) implies BV, CI(A) = (BV,CI(BV,CI(A))°)° = (BV,CI(B®))* = (BV,CI(B))".

(iv) = (i) Let A and B be any two bipolar vague o generalized open sets in (X, BV;) with BV, CI(A) = B¢
and BV, CI(A) = (BV,CI(B)). From BV,CI(A) = B* = B = (BV,CI(A))". Since BV,CI(B) is a bipolar vague a
generalized closed set, this implies that BV, CI(A) is a bipolar vague a generalized open set. This implies that
(X, BI%) is a bipolar vague a generalized extremally disconnected space.
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