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Abstract:

Survey sampling seeks to achieve statistical precision with limited resources. Classical approaches such as Neyman allocation
minimize estimator variance under a fixed total sample size but often ignore heterogeneous costs, logistical constraints, and
field feasibility. This paper introduces the Operations Research Guided Sampling (ORGS) framework, which integrates
optimization techniques from Operations Research (OR) into traditional sampling theory to derive cost-efficient and
operationally feasible sample allocations. By formulating sample allocation as a constrained optimization problem
minimizing estimator variance subject to budget and feasibility limits- ORGS generalizes Neyman’s allocation and yields the

. . « _ CWyS : . o
closed-form optimal solution nj, = %where (cp) denotes per-unit cost, (W) stratum weight, and (S;) within-
j=1"joiVCj
L . - : " WhS z .
stratum standard deviation. The resulting minimum variance Vi, = (Zn=a WnSnyfen) demonstrates how cost heterogeneity

c
directly influences statistical efficiency.
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1. Introduction

Survey sampling is one of the most powerful tools for extracting information about a population when a complete census is
infeasible. The precision of a survey estimator often depends on how the total sample size n is allocated across sub-
populations or strata. For a stratified random sample, the variance of the estimated mean can be expressed as

H

_ WS
Var(ys) = E
np
h=1

where W), = N, /N is the population weight of stratum h, S is the within-stratum variance, and n,, is the sample size
allocated to that stratum. The task of the statistician is thus to choose the nys in a way that minimizes variance subject to
certain restrictions.

Classically, Neyman (1934) showed that if the only restriction is a fixed total sample size Y:;, n;, = n, the optimal allocation
is proportional to the stratum weight and variability:

ny < WhSh

This allocation minimizes variance for a given sample size but ignores practical constraints such as differing costs of
observation, geographical accessibility, or time limitations. In practice, surveys are rarely conducted in unconstrained
environments. A sample unit from a remote tribal village, for example, may be far more costly than one from an urban ward.
Likewise, certain areas may have limited accessibility due to terrain or political risk.

Operations Research (OR) provides a natural way to formalize such trade-offs. Instead of treating sampling as purely a
statistical exercise, one can view it as an optimization problem under constraints. Suppose the per-unit cost of sampling in
stratum h is cp, and the total available budget is C. Then the sample allocation problem can be written as:
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H

o WSk
Minimize V =
Np
h=1

subject to the constraint

M=

cpnp<C, ny>0
h=1

This formulation converts the sampling design into a constrained optimization problem. It can be solved using Operations
Research tools such as Lagrange multipliers, linear programming, or stochastic optimization. Solving the above yields the
Operations Research Guided Sampling (ORGS) allocation:

. C WyS/\[cn
h = CH w4 c [—
=1 WiS; ¢
with resulting minimum variance
2
. (ZF-1WySny/cn\Big)
Varyin(Use) =

C

ORGS framework thus extends Neyman’s allocation by incorporating real-world feasibility directly into the design. In this
way, the strengths of sampling theory (statistical efficiency) and operations research (optimization under constraints) are
combined into a unified paradigm.

This paper develops the theoretical basis of ORGS, demonstrates its proof, and provides a numerical illustration to highlight
how it balances statistical precision with operational practicality. By introducing ORGS, we aim to offer a principled approach
for modern survey designs where resource limitations cannot be ignored.

2. Review of Literature:

The problem of optimal allocation in stratified sampling has long been studied within both sampling theory and cost
optimization frameworks. Classical works by Neyman (1934) and later extensions by Dalenius and Hodges (1959) focused
on minimizing estimator variance under fixed sample size or cost constraints. These approaches, however, treat cost as a
passive constraint rather than an active optimization parameter. Subsequent research introduced cost-based stratified
allocation (Cochran, 1977; Sukhatme et al., 1984), where per-unit costs (cn) are incorporated to adjust stratum sample sizes.
The general form of this cost-sensitive allocation can be written as

WhSh]

= -

which effectively balances cost and variability. Yet, this formulation assumes a single deterministic constraint and static
conditions, lacking flexibility for multiple real-world restrictions such as time limits, accessibility, risk, and administrative

feasibility.

Later developments in adaptive allocation and model-assisted designs (e.g., Rao, 2000; Beaumont, 2008; Lohr, 2010) allowed
partial dynamic adjustment of sample sizes as auxiliary information evolved. However, these methods often operate
sequentially and do not explicitly solve a global optimization problem—thus, they may improve estimation accuracy but
cannot guarantee optimal resource utilization under competing constraints.

From the Operations Research perspective, several studies attempted to integrate optimization principles into sampling. Early
attempts (Gunning & Horgan, 2004; Kozak, 2006; Khan et al., 2015) applied linear or nonlinear programming to minimize
variance or cost. However, these studies typically framed the problem for specific cost functions or sampling goals, without
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establishing a unified, generalizable mathematical structure that links the optimization logic directly with the sampling
variance function.

More recent work in adaptive and model-assisted designs (Rao, 2000; Beaumont, 2008; Lohr, 2010; Tille, 2020) focused on
dynamic updating of sample sizes using auxiliary information. These methods improved estimation efficiency but often
lacked a unified optimization framework that explicitly balanced statistical precision with operational feasibility. Similarly,
stochastic and heuristic models (Khan et al., 2015; Singh et al., 2021) attempted to incorporate uncertainty in cost or variance
but were often context-specific and computationally intensive.

3. Theoretical Framework (with equations):

It includes the Lagrangian derivation, the closed-form allocation (n},) the resulting minimum variance, the special (Neyman)
case:

Model and Solution

Consider the ORGS constrained optimization problem:

L w2s?
Minimize: V = Z h—h
np
h=1
H
subject to Z cnp <C,ny>0 h=1,..,H,
h=1

where (W}, = Ny /N), (S ,21) is the within-stratum variance, (cy) is the per-unit cost in stratum (h), and (C) is the total budget.
Lagrangian and first-order conditions
Form the Lagrangian (taking the budget as an equality at optimum):

H WZSZ H
Ly, ..,ny,A) = Z Thlh Ry (Z cpny, — C)]

h=1 h=1

where (1) is the Lagrange multiplier for the budget constraint.
Differentiate (£) with respect to (n,) and set to zero:
0L WiSy

= +Ac, =0 = ni=
6nh Tlle h h }\Ch

Taking the positive root (since (n; > 0)) gives

[ WiSh
nh_ =

_—\/7»\/5'

Use the budget constraint (z’,{=1 cpnp =C ) to solve for (\/X)

hence
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Vi = Yo WiSnfcn
C

Optimal allocation
Substituting (\/X) back yields the closed-form optimal allocation:
This is the ORGS allocation: sample sizes are proportional to (WhSh /\/c—h), scaled so that the cost constraint is satisfied.

Minimum achievable variance

Evaluating the objective at (n},) gives the minimum variance:

H H 2
v Z WZSE Z Wizsy (X1 WiShy/cn)
min — * - -
My &= CWySh/\/cn ¢
I Wsiyei

h=1

So

2
N (ZH=1 WaSnyfcn)
min — C

special case - uniform costs (Neyman allocation)
If all costs are equal, (¢, = c) for every (h), then (\/c_h) cancels from the allocation and we obtain
[Tl;,' x WhSh']

which reduces to the classical Neyman allocation (up to the constant scaling that enforces (3 np, = n) or Q. cpny = C)
Thus ORGS generalizes Neyman’s rule by explicitly incorporating heterogeneous costs.

Results finding:

e The numerator (W, S;,) prioritizes strata with large size and high internal variability (as in Neyman).

e The division by (1 /ch) down-weights expensive strata: even if a stratum is variable, its sample size is reduced when per-
unit cost is high.

o (Vipin)ales inversely with total budget (C): doubling (C) (all else equal) halves the minimum variance.

e In practice, (n;) may need rounding to integers and may be subject to additional feasibility bounds (minimum or
maximum (ny) per stratum). If such bounds exist, the problem becomes a constrained integer program.
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4. Numerical illustration

Stratum (h) W) (S (cp) (ny) Rounded (n)
1 0.50 10 100 38.37 38
2 0.30 15 225 23.02 23
3 0.20 8 64 15.35 15

Assume a population stratified into (H=3) strata. Take the following (made-up) values:

(W = (Wy, W,, W3) = (0.50,;0.30,; 0.20)] (stratum weights, sum = 1)
[S = (51,52,53) = (10,;15,; 8)] (within-stratum standard deviations)
[c = (cq,¢5,¢c3) = (100,; 225,; 64)] (per-unit costs)

[C = 10,000] (total budget)

Recall the ORGS formula:

« _ CWpSp/\ch And _ (erf=1Wh5h\/Ch)2
ny = ZI;I WiS: [c: n Vmin - C
j=1""J ]\/C—]

So the real-valued optimal allocation is approximately

(nl,n,n%) ~ (38.37,;23.02,;15.35),
with total (real) sample size (3, nj, = 76.746).

minimum variance (V ;)

on the formula:
_ (130.3)2 _ 16,978.09

in = = = 1.697809
mn C 10,000

So, the minimum achievable variance (under this model and budget) is (V,,i, = 1.6978)
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